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Abstrat
We provide a generating funtional for the gravitational eld, assoiated to the relaxation
of the primary onstraints as extended to the quantum setor. This requirement of the
theory, relies on the assumption that a suitable time variable exist, when taking the
T-produts of the dynamial variables.
More preisely, we start from the gravitational eld equations written in the Hamiltonian
formalism and expressed via Misner-like variables; hene we onstrut the equation to
whih the T-produts of the dynamial variables obey and transform this paradigm in
terms of the generating funtional, as taken on the theory phase-spae.
We show how the relaxation of the primary onstraints (whih orrespond to break down
the invariane of the quantum theory under the 4-dieomorphisms) is summarized by a
free funtional taken on the Lagrangian multipliers, aounting for suh onstraints in
the lassial theory.
The issue of our analysis is equivalent to a Gupta-Bleuler approah on the quantum
implementation of all the gravitational onstraints; in fat, in the limit of small ~, the
quantum dynamis is desribed by a Shrödinger equation, as soon as the mean values
of the momenta, assoiated to the lapse funtion and the shift vetor, are not vanishing.
Finally we show how, in the lassial limit, the evolutionary quantum gravity redues to
General Relativity in the presene of an Ekart uid, whih orresponds to the lassial
ounterpart of the physial lok, introdued in the quantum theory.
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1 Introdution.
The mean problem we have to fae in performing the quantization of the gravitational
eld is the resulting non evolutionary dynamis, following by the operator translation
of the theory onstraints. In our points of view, the problem is relied to an ambiguous
denition of the label time, in the splitting proedure extended to the quantum regime
[1℄, [2℄, [3℄.
Indeed, as shown in [4℄, [5℄, [6℄, [7℄, [8℄, [9℄, [10℄, a dualism exists in quantum gravity,
between inluding a referene uid into the dynamis and expliitly breaking down time
displaement invariane of the theory. Aording to this paradigm, we get a self on-
sistent anonial quantization of gravity with the properly evolutionary features, only
when a physial referene frame is inluded into to the system evolution and make pos-
sible a physial (3+1)-sliing of the spaetime. In this sense the analysis here presented
ompletes the proof of the dualism inferred in [7℄;
In fat, we start by assigning a time variable, suitable to onstrut the T-produt fun-
tions and show how, in the lassial limit of the resulting evolutionary quantum gravity,
an Ekart uid appears.
This issue provides a physial meaning to the sliing proedure, in view of the time-like
harater of the uid 4-veloity eld. Thus, we see how a orret implementation of
the lassial onstraints toward the quantum dynamis, provides a lok for theory and
restore the time evolution of the state funtional.
In setion 2 we present the proedure by whih a generating funtional an be built,
in the ase of the salar eld, starting from a eld theory approah. The result is
ahieved using both the Lagrangian and the Hamiltonian formalism, after extending the
generating funtional denition to the phase-spae.
In setion 3, we resume the main steps by whih the anonial quantization of gravity is
performed, i.e. the (3+1)-sliing proedure and its onsequenes on the dynamis, like
the frozen formalism, are disussed.
Setion 4 deals with the gravitational Hamilton equations, as rewritten in a new set
of variables, the Misner-like ones; they are introdued in order to make possible the
evaluation of a gravitational generating funtional Z referred to the phase-spae.
In the setion 5, the proedure illustrated for the salar eld is implemented to the
gravitational Hamilton equations and the generating funtional is expliitly built up.
Through the generating funtional formalism, we relax, in the quantum regime, the
primary onstraints of the gravitational theory, handling on the funtional C, taken
on the Lagrangian multipliers ξ and ξi. In fat, the assumption of a physial time
at the ground of the generating funtional formalism implies that the orresponding
dieomorphisms invariane is broken, in the quantum gravity approah. Our point
of view is that the problem of the stationary evolution for the gravitational quantum
eld, stands in a wrong implementation, to the quantum setor, of the lassial primary
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onstraints (as well as the implementation of the seondary ones). By the onstraints
relaxation performed in setion 6, we obtain, in the limit of small ~, a Shrödinger
equation desribing the evolution of the quantum gravitational eld. We provide the
analysis resulting in this equation in setion 7.
At the end, in setion 8, we talk about the lassial limit of the founded dynamial
equation. This limit aounts for the presene, in the system, of a uid, having the Ekart
form. The presene of this uid provides the label time t with a physial meaning, that is
it assures us about the existene of a non arbitrary time for the onsidered gravitational
system. In setion 9 brief onluding remarks follow.
2 Generating funtional in the salar eld ase.
As rst step, we present the method of searhing for the generating funtional, used in
the salar eld ase [11℄; we show it in both the Lagrangian and Hamiltonian formalism.
Then, in setion 5, we will follow this method in order to nd the gravitational generating
funtional expression. We start to onsider a self-interating salar eld ϕ(x), desribed
by the following ation
S =
∫ [
1
2
∂νϕ(y)∂
νϕ(y)− 1
2
µ2ϕ2(y)− 1
4
g0ϕ
4(y)
]
dy4,
where µ and go denote assigned onstants; the assoiated lassial equation of motion
read as
− δS
δϕ (x)
=
(
✷x + µ
2
)
ϕ (x) + g0ϕ
3 (x) = 0 (1)
where x = (~x, t) denotes event oordinates.
Now we onsider ϕ as a quantum salar eld, satisfying the anonial (equal times)
ommutation relations,
[ϕ̂(x), ϕ̂ (y)]x0=y0 = 0
[π̂(x), π̂ (y)]x0=y0 = 0
[π̂ (x) , ϕ̂ (y)]x0=y0 = −i~ δ3 (~x− ~y) , (2)
being π(x) ≡ ∂ϕ
∂t
the onjugate momentum to ϕ(x).
We dene the two-points T-produt as
〈0 |T (ϕ (x)ϕ (y))| 0〉 = + θ (x0 − y0) 〈0 |(ϕ (x)ϕ (y))| 0〉
+ θ
(
y0 − x0) 〈0 |(ϕ (y)ϕ (x))| 0〉 ;
above, we assumed the existene of a vauum state for the theory, denoted by |0〉. (For
a eld theory, based on the ground state expetation values, see [12℄)
Let us searh for restritions on the T-produts general form, implied by (1), via the
ommutation relations (2). Starting with the expetation value of the lassial equation,
taken on the ground state,〈
0
∣∣T ([✷xϕ (x) + µ2ϕ (x) + g0ϕ3 (x)]ϕ (y))∣∣ 0〉 = 0,
3
we arrive to an equation for the two-points T-produts[
✷x + µ
2
] 〈0 |T (ϕ (x)ϕ (y))| 0〉+ g0 〈0 ∣∣T (ϕ3 (x)ϕ (y))∣∣ 0〉 = −i~δ4 (x− y)
(For a T-produts theory see [12℄).
This equation an be generalized in view of n-points T-produts as follows:[
✷x + µ
2
] 〈0 |T (ϕ (x)ϕ (x1) ...φ (xn))| 0〉+ g0 〈0 ∣∣T (ϕ3 (x)ϕ (x1) ...ϕ (xn))∣∣ 0〉
= −i~
n∑
i=1
δ4 (x− xi) 〈0 |T (ϕ (x1) ...ϕ (xi−1)ϕ (xi+1) ...ϕ (xn))| 0〉 (3)
Introduing the generating funtional Z(J) ([13℄, [14℄, [15℄) is useful to rewrite the whole
set of the equation (3), namely for any value of n, in a ompat form.
We assign the soure urrent J(x) and let us onstrut the quantity
Z(J) =
∞∑
n=0
in
n!
∫
dx41...dx
4
n 〈0 |T (ϕ (x1) ...ϕ (xn))| 0〉 J (x1) ...J (xn) ,
whih satises the normalization ondition Z(0) = 1;
in a shorter form, Z an be restated in terms of the following vauum expetation value
Z (J) =
〈
0
∣∣∣T (ei ∫ Jϕ)∣∣∣ 0〉 ,
where we have:
i
∫
Jϕ = i
∫
J (x)ϕ (x) dx4.
We show expliitly the link between the T-produt funtions and the funtional deriva-
tives of Z as
〈0 |T (ϕ (x1) ...ϕ (xn))| 0〉 = 1
in
δnZ (J)
δJ (xn) ...δJ (x1)
∣∣∣∣∣
J=0
;
so we an get the equation for any T-produt by performing the derivatives of the
following fundamental expression[
✷x + µ
2
] 1
i
δZ (J)
δJ (x)
+ g0
1
i3
δ3Z (J)
δ3J (x)
= ~J (x)Z (J) . (4)
To solve (4), we introdue Z˜(ϕ), the funtional Fourier transformation of Z(J),
Z (J) =
∫ ∏
x
dϕ(x)Z˜(ϕ)ei
∫
ϕ(x)J(x)dx4
In the next, we set the Lebesgue measure as δϕ =
∏
x dϕ (x).
If we substitute, into (4), the Fourier expansion of Z, we get the equation∫
δϕei
∫
ϕJ
{
Z˜ (ϕ)
[(
✷x + µ
2
)
ϕ (x) + g0ϕ
3 (x)
]
+
~
i
δZ˜ (ϕ)
δϕ (x)
}
= 0.
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With some algebra and using (1), we arrive to the expression
δ
δϕ (x)
[
lnZ˜(ϕ)− i
~
S(ϕ)
]
= 0,
by whih we nally reognize the funtional Z˜ in the form
Z˜(J) = Ce
i
~
S(ϕ),
so that the generating funtional follows:
Z (J) = C
∫
δϕ(x) e
i
~
S(ϕ)+i
∫
J(x)ϕ(x)d4x,
being C the normalization onstant.
In view of applying this proedure to the gravitational ase, we have to translate it, into
the Hamiltonian formalism, beause of some diulties that Lagrangian formalism an
not overome. So, we get the Hamiltonian of the system out of the salar eld ation,
H =
∫ [
1
2
π2 − 1
2
∂jϕ∂jϕ+
1
2
µ2ϕ2 +
1
4
g0ϕ
4
]
dy3,
via the above onjugate momentum of ϕ(x).
The Hamiltonian equations we nd, look as follows:
π˙ = −δH
δϕ
=
(
∂2jϕ− µ2ϕ
)− g0ϕ3 (5)
ϕ˙ = +
δH
δπ
= π. (6)
Like before, we transform eah equation of motion in a T-produts one, using again the
ommutation relations (2)
∂t 〈0 |T [π(x)ϕ(y)]| 0〉 + ∂2j 〈0 |T [ϕ(x)ϕ(y)]| 0〉+ µ2 〈0 |T [ϕ(x)ϕ(y)]| 0〉
+ g0 〈0 |T [ϕ3(x)ϕ(y)]| 0〉 = −i~δ4(x− y)
∂t 〈0 |T [ϕ(x)π(y)]| 0〉 − 〈0 |T [ π(x)π(y) ]| 0〉 = +i~ δ4(x− y).
Let us provide the denition of the generating funtional, extended to the phase-spae
Z (J,W ) =
〈
0
∣∣∣T (ei ∫ (Jϕ+Wπ))∣∣∣ 0〉
and its Fourier Transform
Z (J,W ) =
∫
δϕ δπ Z˜ (ϕ, π) ei
∫
[J(x)ϕ(x)+W (x)π(x)]dx4
(7)
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where W is the urrent soure assoiated to the onjugate momentum.
Thus, the equations of motion beome funtional ones in Z(J,W )
∂t
1
i
δZ
δW (x)
+
[
∂2j + µ
2
] 1
i
δZ
δJ(x)
+ g0
1
i3
δ3Z
δJ(x)3
= ~Z(ϕ)J(x) (8)
∂t
1
i
δZ
δJ(x)
+
1
i
δZ
δW (x)
+ = −~Z(ϕ)W (x). (9)
Hene, the rst of these equations an be rewritten in terms of Z˜(J,W ) and takes the
form ∫
δϕδπZ˜ (ϕ, π) ei
∫
(Jϕ+Wπ) [∂tπ(x)− (∂j + µ2)ϕ(x) + g0ϕ3(x)]
= −~
i
∫
δϕδπ
(
δZ˜(ϕ,π)
δϕ(x)
)
ei
∫
(Jϕ+Wπ).
At the end, with simple algebra, we get
δ
δϕ (x)
[
lnZ˜(ϕ, π)− i
~
S(ϕ, π)
]
= 0,
whih admits the solution
Z˜ (ϕ, π) = C(π) e
i
~
S(ϕ, π); (10)
here, C(π) denotes an integration ϕ-onstant funtional. In analogy from (9), we get
also
Z˜(ϕ, π) = D(ϕ) e
i
~
S(ϕ,π)
(11)
being D(ϕ) an integration π-onstant funtional. Compatibility of (10), (11) requires
that the following expression for Z(J,W ) holds
Z(J,W ) = N
∫
δπδϕ e
i
~
S(ϕ,π)+i
∫
(Jϕ+Wπ)
where N is pure normalization onstant. The above is just the proedure whih will
allow us to get.
We onlude this setion by remarking that, in the salar eld ase, the Hamiltonian
formulation of the generating funtional is equivalent to the Lagrangian one, as soon as
we address the identiations π = ∂tϕ and W ≡ 0.
3 Canonial quantization of gravity in the frozen
formalism.
Before we begin to searh for the gravitational generating funtional, we resume the
neessary steps allowing us to arrive to the anonial quantum equation for the gravita-
tional eld, that is the Wheeler-DeWitt equation [16℄, [17℄, [18℄;
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We start to onsider a pseudo-Riemannian 4-dimensional manifoldM4, on whih a met-
ri tensor hµν(y
ρ) is dened. The signature we hoose is (−+++). (The Greek indexes
stand for 0,1,2,3, as the Latin ones stand for 1,2,3).
We apply a (3+1)-sliing assigning the parametri equation of a spae-like hypersurfaes
family
∑3
t : y
ρ = yρ(t, xk) on the onsidered manifold.
This denition provides a loal referene basis {eµi , nµ} in M4, made up by the tangent
vetors e
µ
i ≡ ∂iyµ and the normal vetor nµ(yρ) to
∑3
t . Projeting the deformation
vetor Nµ on this basis we get the lapse funtion N(t, xk) and the shift vetor N i(t, xk)
[19℄:
Nµ ≡ ∂tyµ = Nnµ +N ieµi . (12)
In terms of this quantity we nd the metri tensor expression in the (t, xk)-referene
system
hµν =
(
NiN
i −N2 Ni
Ni gij
)
. (13)
The term gij ≡ hµν eµi eνj is the so-alled indued metri tensor, i.e. the projetion of the
metri tensor on the spae-like hypersurfae, whih beomes our dynamial variable.
Now the splitted Hilbert-Einstein ation (the A.D.M. ation) looks like as the following
one [19℄, [20℄, [21℄, [22℄, [23℄, [24℄, [25℄:
SHE =
∫
Σ3×ℜ
dtd3xN
√
g
(
R + kijk
ij − k2) , (14)
where kij denotes the extrinsi urvature of the tre-hypersurfaes Σ
3
, while R is the
urvature salar assoiated to the tre-metri.
From the Lagrangian ontained in the previous expression, we nd the lassial momenta
assoiated to gij and to N and N
i
, in view of rewriting the ation in the Hamiltonian
formalism. After the Legendre transformation, the ation rewrite as
SHE =
∫
Σ3×ℜ
{
πij∂tgij −NH−N iHi
}
d3x dt (15)
where H and Hi are alled super-Hamiltonian and super-momentum respetively. The
momenta PN and PN i, assoiated to the lapse funtion and to the shift vetor, vanish
identially, as
PN =
δL
δ (∂tN)
= 0, PN i =
δL
δ(∂tN i)
= 0 (16)
and these equations onstitute the primary onstraints for the gravity dynamis. The
seondary onstraints follow diretly from the rst ones, via the Hamilton equations (see
also [16℄, [19℄, [23℄):
H(gij, πij) = Gijklπijπkl −
√
h3R = 0 , (17)
Hi(gij, πij) = −23∇jπji = 0 , (18)
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where Gijkl is the super-metri and stands as
Gijkl ≡ 1
2
√
h
(hikhjl + hilhjk − hijhk) .
The anonial quantization proedure is obtained by translating seondary onstraints
into operator ones, on the wave funtional ψ, whih desribes the physial states, i.e.
Ĥ(ĝij, π̂ij)ψ = 0 ,
Ĥi(ĝij, π̂ij)ψ = 0 ,
where we introdued the anonial quantum operators ĝij , π̂
ij
, for whih the ommuta-
tion relations
[ ĝab(~x, t), ĝcd(~x
′, t)] = 0,[
π̂ ab(~x, t), π̂ cd(~x ′, t)
]
= 0,[
ĝab (~x, t) , π̂
cd(~x ′, t)
]
= i~ δcdab δ(~x− ~x ′) (19)
have to be valid; this last request implies the following representation for the tre-metri
and momenta:
ĝij(x)ψ = gij(x)ψ ,
π̂kl(x)ψ = −i~ δψ
δgkl(x)
.
At the end, hoosing the appropriate normal ordering [26℄, we an rewrite the operator
onstraints as
Ĥ(x)ψ =
[
−~2 : Gijkl(x) δ
2ψ
δgij(x)δgkl(x)
: −√gR
]
ψ = 0 ,
Ĥi(x)ψ =: 2i ~ gik∇j δψ
δgjk(x)
:= 0 .
The rst of the above funtional equations is known as the Wheeler-DeWitt one [17℄
and provides the quantum dynamis of the system, while the tree super-momentum
equations state the theory invariane under tre-dieomorphisms. This last invariane
provides the wave funtional depending only on tre-geometries {gij}, i.e. ψ = ψ({gab})
[25℄, [26℄, [27℄.
As we an see, the Wheeler-DeWitt equation is a Shörodinger equation for a non-
dynamial system, haraterized by a wave funtional satisfying ∂tψ = 0; In detail, the
N-independene of ψ is responsible for the time non-evolution of the wave funtional.
The point of view addressed in this paper is that suh stationary evolution for the
gravitational eld is aused by a too straightforward quantum implementation of the
theory onstraints, in the anonial form. In partiular, we onentrate our attention on
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the quantum formulation of the primary onstraints; in the anonial Wheeler-DeWitt
approah, the translation of these onstraints, PN = 0 and PN i = 0, leads to the
independene of the wave funtional on the lapse funtion and on the shift vetor, i.e.
P̂N ψ = −i~ δ
δN
ψ = 0 ,
P̂N i ψ = −i~ δ
δN i
ψ = 0 ,
an issue onsistent with the non-evolutionary harater of the WDE along the sliing
and of its invariane under the tre-dieomorphisms.
In the next setion, in the spirit of the Gupta-Bleuler approah [28℄, we will propose a
relaxation of these onstraints, allowing an evolution for the wave funtional ψ(gij , t),
whih depends so on time and on the tre-metri eld.
4 The gravitational theory in the Misner-like
variables.
We start by introduing the Misner-like variables (α(x), u(x)) [29℄, via the relations
gij(x) ≡ e α(x)
(
e u(x)
)
ij
(20)
gij(x) ≡ e−α(x) (e−u(x))ij , (21)
where u(x) is a traeless matrix and, in order to safe the tensorial language, we assign
a dierent harater to the quantity eu(x) and u(x) itself, i.e. ovariant and mist one
respetively.
The aim of the below analysis is to rewrite the gravitational Hamiltonian H(gij, π
ij) in
the Misner-like variables, so then we an get the equations of motion in (α(x), u(x)) and
use them to nd the generating funtional for gravity, like shown in the previous setion.
The relation between the old momenta πij , and the new ones is provided by requiring
the anonial nature of the transformation, i.e.
πij ∂tgij = pα ∂tα + p
k
i ∂tu
i
k . (22)
Substituting the relation (21) into (22) we an identify the new momenta as{
pα = Π ≡ πijgij
pki = π
k
i − 13 Π δki ,
whereΠ denotes the quantity πijgij. Starting from the expression of the super-Hamiltonian
H and super-momentum Hi, we rewrite them in terms of the new variables as{ H = 1
2
e−(3/2)α
[
2 pji p
i
j − 13 pα 2
]− e(3/2)αR(u, α)
Hi = −2 ∂j p ji − 23 ∂i pα + pα ∂iα + 2U jnipnj ,
9
where we denote with Undq(u, ∂u) the Christoel terms onstruted only by derivatives
of u-variable, U
n
dq(u, ∂u) ≡ 14
[
+ ∂du
n
q + ∂qu
n
d + ∂qu
m
l (e
−u)nl(eu)md + (∂duml )(e
−u)nl(eu)mq
−(∂lumd )(e−u)nl(eu)mq − (∂lumq )(e−u)nl(eu)md
]
,
and the full Christoel symbol rewrites as
Γndq ≡ Undq +
1
2
[
(∂dα)δ
n
q + (∂qα)δ
n
d − (∂mα)(e−u)nm(eu)dq
]
.
Starting from the expression of H and Hi, as written in the new variables, we an get
the Hamilton equations for the gravitational system, in the Misner-like representation,
whih stand as
u˙ba = −2Ne−(3/2)αp ba − 2
[
UabnN
n + ∂aN
b
]
p˙ba = −Θba + 2Ω ibjnaNnpji
α˙ = +
1
3
Ne−(3/2)α pα −
[
(∂lα)N
l +
2
3
∂jN
j
]
p˙α = −Ne(3/2)α
{
3
4
e−3α
[
+2 p ji p
i
j −
1
3
p2α
]
+
3
2
R(u, α)
}
−Θ
−∂l
(
N lpα
)
being ∫
d3xNe(3/2)α
(
δR(u, α)
δα
)
δα ≡
∫
d3xΘ δα∫
d3xNe(3/2)α
(
δR(u, α)
δuab
)
δuab ≡
∫
d3xΘba δu
a
b
and ∫
d3x
(
δU ij n
δuab
)
Nn δuab ≡
∫
d3xΩ ibjna δu
a
b .
The introdution of these new variables, together with the Hamiltonian approah, is
neessary to overome some diulties in applying the method, shown in setion 2, to
the gravitational ase; suh diulties an be summarized by the following point:
• the presene of the inverse metri tensor in the equations of motion, whih we an
not easily rewrite as a funtion of the diret metri gij; now, both the inverse and
diret metri are funtion of the dynamial variables, (α, u), and so no diulty
survives.
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• the impossibility to take all the temporal derivatives out of the eld T-produts, be-
ause of their non linearity; using an Hamiltonian approah, quadrati terms on-
taining time derivatives of the tre-metri tensor are removed, beause we rewrite
them via the onjugate momenta. In this sense, the phase-spae representation
overomes the gravity non-linearity problem in building up the generating fun-
tional (the non-linearity in the spatial derivatives plays no role here).
5 Gravitational generating Funtional.
Using the Misner-like variables and the Hamiltonian formulation, the Hilbert-Einstein
ation looks like
S =
∫
M4
d3xdt
[
pjn ∂tu
n
j + pα∂tα + PN∂tN + PN i∂tN
i
−ξPN − ξiPN i −NH−N iHi
]
,
where the Lagrange multipliers ξ(x), ξi(x) are inluded in order to obtain the primary
onstraints (PN ≡ PN i = 0) as Hamilton equations, and being the integration domain
M4 = Σ3 ×R (Σ3 is taken ompat and boundaryless).
The whole set of Hamilton equations is, therefore,
I) +u˙ nj − δHδp jn = 0
II) −p˙ nj − δHδu jn = 0
III) +α˙− δH
δpα
= 0
IV) −p˙α − δHδα = 0
V) −P˙N −H = 0
VI) −P˙N i −Hi = 0
VII) +N˙ − ξ = 0
VIII) +N˙ i − ξi = 0
IX) −PN = 0
X) −PN i = 0 .
In order to extend the analysis of setion 2 to the gravitational ase, we assume that the
following statements are valid for the quantum theory:
• We an dene a ground (vauum) state |0〉, for the gravitational theory, by whih
we an built the T-produt of the operator eld and of its momentum. For the
same reason, we need the theory is provided with a denite time variables, whih
has to have the meaning of physial time; we identify it with the label time.
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• By a seond quantization proedure gij(x) and πij(x) beome operators whih
satisfy the anonial ommutation relations (19). This hypothesis has to hold
for any representation of the tre-metri and of the onjugate momentum, like the
onsidered Misner-like one.
Now, we introdue the generating funtional Z [14℄, [15℄,
Z(Ja,Wa) ≡
〈
0
∣∣∣T (ei ∫ (gaJa+P aWa))∣∣∣ 0〉 , (23)
where we adopt a notation of the form
Z (J,W ) = Z
(
J
j
i , Jα, JN , JN i,W
i
j ,Wα,WN ,WN i
)
,
∫
(gaJ
a + P aWa) =
∫ [
unj (x)J
j
n(x) + p
j
n(x)W
n
j (x) + α(x)Jα(x)
+pα(x)Wα(x) +N(x)JN (x) +N
i(x)JN i(x)
+PN(x)WN (x) + PN i(x)WN i(x)
]
d3x dt .
As in the salar ase, even here Ja and Wa have to be interpreted as quantum soure
urrents, beause we will see they give a ~ ontribution in the ation.
Now, we integrate the equations I)-VIII) to determine the generating funtional, in the
gravitational theory, via an algorithm whih we disuss here, in detail, only for equation
I).
From the rst equation, we build the orresponding T-produts dynamis
∂t 〈0|T
(
unj (x) p
j
n (y)
) |0〉 − 〈0|T ( δH
δp
j
n (x)
pjn (y)
)
|0〉 = i~ δ4 (x− y) ,
whih an be rewritten formally in terms of Z, as
∂t
1
i
δZ
δJ
j
n(x)
−H
(
−i δ
δJa
,−i δ
δWa
)
Z = −~W nj (x)Z . (24)
Substituting, in the previous equation, the following Fourier Transform
Z (J,W ) =
∫
D(ga, P
a) Z˜(ga, P
a) ei
∫
(gaJa+P aWa) , (25)
where the Lebesgue measure D(ga, P
a) is
D(ga, P
a) = δunj δ α δN δN
i δpjn δPα δPN δPN i ,
we get∫
D(ga, P
a)ei
∫
(gaJa+P aWa) Z˜
(
u˙nj −
δH
δp
j
n
)
=
∫
D(ga, P
a)ei
∫
(gaJa+P aWa)
~
i
δZ˜
δp
j
n
.
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This funtional equation admits the solution
Z˜(ga, P
a) = C
(−p jn−) e i~ S .
C (−p jn−) denotes a funtional depending on all the variables (inluding ξ and ξi) but
p jn.
Inferring the above proedure for all the other equations, but the last two, we arrive to
a nal expression for Z, i.e.
Z (Ja,Wa) = I
∫
D(ga, P
a)δξδξi C (ξ, ξi) e i~S+i ∫ (gaJa+P aWa) ,
being I a normalization onstant and C (ξ, ξi) an arbitrary funtional on the Lagrangian
multipliers, allowed by the theory; we remark that the integration over suh multipliers is
required by the Z independene on them (the T-produts alulated by Z are observable
of the theory and, therefore, an not depend on Lagrangian multipliers), and it is possible
in view of the linearity, haraterizing the whole system of equation I)-VIII).
The implementation of the primary onstraints IX)-X), via the above algorithm, would
imply the Z independene on WN and WN i , whih would lead again to the Wheeler-
DeWitt dynamis; however, our aim is to investigate the quantum dynamis resulting
from dierent implementation of this primary onstraints. As we shall see in the next
setion, the role played here by equations IX)-X), in the quantum setor, is resumed by
the form of the funtional C (ξ, ξi). (In fat, the existene of this arbitrariness in the
theory is a diret onsequene of disregarding the primary onstraints).
6 The Gupta-Bleuler approah.
We have ended the previous setion, saying the form we hoose for the funtional C(ξ, ξi)
reets the way by whih we perform the implementation of the primary onstraints in
the quantum theory.
We start by observing how the frozen formalism requirement, that the operators P̂N
and P̂N i annihilate the Shörodinger wave funtional, is equivalent, in the Heisenberg
approah, to have vanishing T-produts of these operators;
indeed, the vanishing behavior of T-produts, of any number of points, implies that the
generating funtional does not depend on the urrents WN and WN i, i.e.
−i δZ
δWN
= 0 ,
−i δZ
δWN i
= 0 .
Below, we show that the quantum implementation of the primary onstraints is sum-
marized by the funtional form taken by C(ξ, ξi), and, therefore, this quantity is the
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fundamental degree of freedom, in our approah.
We start by observing that the resulting generating funtional
Z (J,W ) = I
∫
D(ga, P
a) δξ δξi C (ξ, ξi)
e
i
~
S+
∫ [
unj J
j
n+p
j
nW
n
j +αJα+pαWα+NJN+N
iJ
Ni
]
d3x dt
,
ontains integrals of the form∫
δξ(~x, t) δξi(~x, t)K(ξ)Ki(ξi) e − i~
∫
d3xdt ξ(~x,t)PN (~x,t)e −
i
~
∫
d3xdt ξi(~x,t)P
Ni
(~x,t) ,
where we reasted the funtional dependene on ξ and on ξi, by introduing the funtion-
als K(ξ) and Ki(ξi), in plae of C (ξ, ξi). Then, we onsider the following two dierent
ases:
• As soon as we require the onstane of the funtionals K and K〉, the above integral
beome a delta-funtional on the variable PN and PN i, apart from a normalization
onstant. Thus we get for Z
Z (J,W ) = I
∫
D(ga, P
a) δ (PN) δ(PN i) e
i
~
S0+i
∫
(gaJa+P aWa) . (26)
being
S0 =
∫
d3xdt
[
p
j
i ∂tu
i
j + pα∂tα + PN∂tN + PN i∂tN
i −NH−N iHi
]
.
Evaluating the delta-funtionals, we obtain Z, alulated for the usual gravita-
tional ation SHE , (15) ,orresponding to vanishing momenta PN and PN i , and to
a stationary evolution for the eld, in the Shrödinger formulation, i.e.
Z (J,W ) = I
∫
D(ga, P
a) e
i
~
SHE+i
∫
(gaJa+P aWa) .
Beause of the onstane of K(ξ) as a onsequene of the delta term, we also
get the following result for the T-produt funtion; below we treat separately the
quantities ξ and ξi sine they enter in an equivalent way in the problem:
〈0|T
(
P̂N(x1)...P̂N (xn)
)
|0〉 = 1
in
δnZ (J,W )
δWN(xn)...δWN (x1)
∣∣∣∣∣
J=0
= I
∫
D(ga, P
a) δ (PN) δ (PN i)PN(x1)...PN(xn) e
i
~
S0 = 0 .
Obviously, the same arguments are valid for T-produt funtions ontaining PN i,
if we take Ki(ξi) as a onstant.
We an onlude, that having a onstant C-term is equivalent to implement the pri-
mary onstraints in their strong form and, therefore, to restate the WDE dynamis
[30℄, [31℄, [32℄.
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• Now, we will see that a dierent hoie for K(ξ) and Ki(ξi), in detail a Gaussian
form, is equivalent to interpret the primary onstraints in a relaxed way.
We start again from the expression (26) and we perform a onstraint weakening
by applying the standard proedure of the generating funtional approah [11℄.
More preisely, in order to weak the onstraint assoiated to the momentum PN ,
we turn the PN -delta, entered on the null funtion, into a λ-entered one. Further-
more, we introdue a Gaussian weight in the λ-parameter funtion, the orrespond-
ing normalization assoiated to this term being inluded into the new onstant I ′.
We show this method only for PN , but we an extend it to all the other onstraints
assoiated to PN i . This sheme yields the following generating funtional:
Z (J,W ) = I ′
∫
D(ga, P
a) δ (PN − λ) δ (PN i) e
i
~
S0+i
∫
(gaJa+P aWa)
(∫
δλ e−
1
2σ
∫
d4xλ2(x)
)
.
Rewriting delta-funtionals as integrals, we get
Z (J,W ) = I ′
∫
D(ga, P
a) δξ δξi e−
i
~
∫
d4x ξ (PN−λ)e−
i
~
∫
d4x ξi P
Ni
e
i
~
S0+i
∫
(gaJa+P aWa)
(∫
δλ e−
1
2σ
∫
d4x λ2(x)
)
.
Hene, we an identify the K(ξ) expression as:
K(ξ) =
∫
δλ e
∫
d4x i
~
ξ λ e−
1
2σ
λ2 ;
by simple algebra, making the following substitution
λ ≡
(
1√
2σ
λ+ ξ
i
~
√
σ
2
)
and performing the λ-integral, whih result to be independent on ξ, nally we get
K(ξ) = A e
∫
d4x (− σ
2~2
) ξ2 ,
being A a normalization onstant.
From this formula, we an infer how, having a PN -delta not entered in zero, so
that PN is not vanishing, leads to a Gaussian form for the funtional K(ξ). In the
limit in whih the dispersion
√
σ verge to zero, we obtain again the onstane of
K(ξ) and so the lassi onstraints. We an get the same result for Ki(ξi).
As a onsequene of this relaxation now we should get non-vanishing T-produts
of operators P̂N and P̂N i; we an show this, starting from a generating funtional
obtained by assigning to K(ξ) and Ki(ξi) a Gaussian form, as above, i.e.{ K(ξ) ∝ e− 12A ∫ d4x ξ2(x)
Ki(ξi) ∝ e−(
1
2A
3)Σi
∫
d4x (ξi(x))2 ,
15
where A ≡ ~2
σ
.
Dealing again with ξ-omponent only, we have
Z (J,W ) =
∫
D(ga, P
a)δξ δξi Ki(ξi)
(
e−
1
2A
∫
d3x dtξ2(x)
)
e
i
~
S+i
∫
(gaJa+P aWa) ,
and, through this generating funtional, we an write the T-produts as
T1...n ≡ 〈0|T
(
P̂N(x1)...P̂N(xn)
)
|0〉
= I ′
∫
D(ga, P
a) δξδξi
[
PN(x1)...PN(xn)
]
e−
1
2A(
∫
d3x dt ξ2(x)) e
i
~
S .
Beause of ξ-term in the ation, we an express every PN as a funtional derivative
in ξ, ating on the ation exponential, so that the funtions T1...n beome
T1...n =
I ′
An
∫
D(ga, P
a) δξδξi
[
ξ(x1)...ξ(xn)
]
e−
1
2A(
∫
d3x dt ξ2(x))e
i
~
S ;
in this integral, we point out the ξ-term, i.e.
E(PN) ≡
∫
δξ e−
i
~
(
∫
d3xdt ξ(x)PN (x))e−
1
2A(
∫
d4x ξ2(x))[ξ(x1)...ξ(xn)] .
If we turn it into
E(PN) = e
A
2~2
P 2N
∫
δξ [ξ(x1)...ξ(xn)] e
− 1
2A
∫
d3x dt(ξ+ iA
~
PN)
2
,
we an see that it is not vanishing, being a Gaussian integral not null-entered,
though around an imaginary value.
As a onsequene, the whole expression of the T-produts T1...n no longer vanish
and this is the expeted quantum relaxation of the primary onstraints.
7 Evolutionary quantum gravity.
The next step, in our work, is to show the dynamial onsequenes, in the Shrödinger
approah, of the generating funtional resulting from the Gaussian hoie for C(ξ, ξi).
In this representation, having non-vanishing T-produts T1...n of operators P̂N and P̂N i,
orresponds to require the following ondition on ψ:
P̂Nψ 6= 0 , P̂N iψ 6= 0 .
As in the anonial formulation, we have P̂N = −i~ δδN and P̂N i = −i~ δδN i , so that now
the wave funtional ψ has to depend on the the sliing struture, that is on N and N i.
Moreover, via the Hamilton equations (extended to the operator form), the violation of
the seondary onstraints follows diretly, i.e.
Ĥψ 6= 0 , Ĥiψ 6= 0 ,
as well as the expliit breakdown of the quantum theory invariane, under 4-dieomorphisms.
To ontinue our analysis, we point out that:
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• The dependene of ψ on the variables N and N i an be seen as a dependene on
the label time t. Reminding the denition of the deformation vetor (12), we an
refer to the lapse funtion and shift vetor dependene, as to that one on y µ, the
eld whih xes the splitting; thus, we an write the temporal derivative as
∂tψ ≡
∫
d3x
δψ
δyµ
∂ty
µ.
As we have seen, beause of the relaxation, we get
δψ
δyµ
6= 0 =⇒ ∂tψ 6= 0
and so the ψ temporal dependene outomes.
• In the Shrödinger representation, we an express the wave funtional ψ as a
path integral, whih is also a transition amplitude between two states, i.e. the
propagator [33℄, [34℄.
(For an extension of path integral approah to the General Relativity see also [35℄).
The metri ongurations ga, g0 (orresponding to dierent times, t and t0, and to
assoiated hypersurfaes Σ3 and Σ30) haraterize the nal and the initial state for
the transition.
In agreement to the analysis of the previous setion, we assign the following path
integral, whih orrespnds to the adopted sheme of onstraints relaxation:〈
gb, t
∣∣∣ ga, t0〉 = ∫ D(ga, P a) δξ δξi C(ξ, ξi) e i~S , (27)
where C(ξ, ξi) has to be thought Gaussian (indeed, the below analysis holds even
for a non-Gaussian form of C, but it is onstant)
This integral does not ontain boundary terms, beause the hypersurfaes are
ompat and boundaryless.
We remind that ga stands for the metri onguration, in the time t, given by the
variables (u, α,N,N i), as well as P a stands for (p, Pα, PN , PN i).
Starting from (27), we rewrite the orresponding gravitational ation as
S =
∫
d3xP aD(ga)−
∫ (
H0 +H(ξ,ξi)
)
dt
Here, we have pointed out the term Hξ,ξi, having the form
H(ξ,ξ i) ≡
∫
d3x
(
ξPN + ξ
iPN i
)
;
whih is reabsorbed by the integration on ξ e ξi, as follows:〈
ga, t
∣∣∣ g0, t0〉 = ∫ D(ga, P a)F(PN , PN i) e i~S0 ;
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F(PN , PN i) is a funtional depending on the momenta PN and PN i, resulting from the
above integration.
Now, we an obtain the dynamial equation, taking
i~∂tψ = i~∂t
〈
ga, t
∣∣∣ g0, t0〉 = ∫ D(ga, P a)F(PN , PN i) (−∂tS0) e i~S0
=
∫
D(ga, P
a)F(PN , PN i)H (ga, P a) e
i
~
S0
=
∫
D(ga, P
a)F(PN , PN i) : Ĥ : e
i
~
S0 ,
where expliitly ψ ≡ ψ(ga, t).
Above, in the last passage, we have hanged the super-Hamiltonian and the super-
momentum into operators, disregarding higher power in ~, as follows:
H
(
ga,
δS0
δga
)
e
i
~
S0 = : Ĥ
(
u, α,−i~ δ
δu
,−i~ δ
δα
)
: e
i
~
:S0: ,
Hi
(
ga,
δS0
δga
)
e
i
~
S0 = : Ĥi
(
u, α,−i~ δ
δu
,−i~ δ
δα
)
: e
i
~
:S0: ,
where we used the Hamilton-Jaobi relation between variables and onjugate momenta
P a = δS0
δga
.
At the end, if we remark that the funtional derivatives ontained in : Ĥ : ommute with
F and with the integration measure, we get, in the limit of small ~, the Shrödinger
equation for the gravitational quantum eld
i~ ∂tψ = : Ĥ : ψ . (28)
In the derivation of this evolutionary approah to quantum gravity, we need not a spei
form for C, but requiring it is not a onstant funtional. Indeed, it is possible to show
that having a non-onstant C orresponds to a non-vanishing vauum expetation value
of the momenta P̂N and P̂N i, i.e. 〈0|PN |0〉 6= 0 and 〈0|PN i |0〉 6= 0.
This issue indiates that the existene of an evolutionary quantum gravity does not
require that the primary onstraints are violated in a strong form (i.e. all the T-produts
for P̂N and P̂N i vanish).
By other words, to get a Shrödinger dynamis, it is suient to break the primary
onstraints (and therefore the seondary ones too) only in terms of their expetation
values (see also [36℄).
8 Classial limit of the theory and the Ekart uid.
In this setion, we want to show how the dynamial equation (28), founded for the
gravitational eld through the relaxation, implies the presene of a partiular uid in
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the system, when taking the lassial limit. Suh a uid results to have the Ekart uid
harateristis [37℄. (For other approahes, whih orrelates the presene of a uid in
the dynamis to the appearane of a time in quantum gravity, see [38℄, [39℄, [40℄, [41℄
[4℄, [5℄, [6℄, [7℄, [8℄, [9℄, [10℄).
Let us onsider the following development for the wave funtional ψ, over the super-
Hamiltonian and super-momentum eigenfuntions
ψ(unj , α,N,N
i, t) =
∫
DωDki χ(ω, ki) e
− i
~
(t−t0)
∫
d3x[Nω+N iki] ; (29)
ω ≡ ω(~x) and ki ≡ ki(~x) are the eigenvalues funtions, and
χ(ω, ki) = χ(u
a
b , α, ω, ki)
is the orresponding eigenfuntional, i.e. we get
Ĥχ(ω, ki) = ω χ(ω, ki) , (30)
Ĥi χ(ω, ki) = ki χ(ω, ki) . (31)
Now, we mean to take the lassial limit of these eigenvalues problems, via a WKB
approah, whih provide us the following form for χ(ω, ki), to be inserted into (30) and
(31):
χ(ω, ki) =M e i~P
being M and P the modulus and the phase of χ, respetively.
In the limit ~ −→ 0, the substitution result yields the gravitational Hamilton-Jaobi
equation and its super-momentum equivalent, ontaining two additional terms, whih
orrespond to the lassial limit of ω and ki i.e. ω and ki respetively:
H
(
ga,
δP
δga
)
= ω , (32)
Hi
(
ga,
δP
δga
)
= ki . (33)
We reast this Hamilton-Jaobi system of equations into the Einstein one.
Using well-known results [23℄, [25℄, it is possible to show that the following relations
hold:
1. Gµνn
µnν = XTµνn
µnν = − H
2
√
g
= − ω
2
√
g
2. Gµν∂iy
µnν = XTµν∂iy
µnν = Hi
2
√
g
= ki
2
√
g
3. Gµν∂iy
µ ∂jy
ν = XTµν∂iy
µ ∂jy
ν = 0
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where X denotes the Einstein onstant.
Taking into aount these three relations, we arrive to onstrut the energy-momentum
tensor, assoiated to the lassial limit of the eigenvalues problems (32) and (33),
Tµν = ǫ nµnν + 2s(µnν) ;
the identiations
ǫ =
−ω
2X
√
g
,
sµ = − k
i
2X
√
g
∂iy
ρ hρµ ,
take plae.
In partiular the above third relation assure us the tensor Tµν does not ontain any pure
spatial omponent.
The so founded energy-momentum tensor Tµν has the expression of that one assoiated
to an Ekart uid, as soon as we identify ǫ as the uid energy density, nµ as its 4-veloity
and sµ as its thermal ondution vetor [37℄.
This uid is o-moving with the spatial hypersurfae and ontains a time-like vetor
orresponding to its 4-veloity, so that its presene gives a physial meaning to the label
time t, used in the splitting proedure. We an infer that, in quantum gravity, the
existene of a time and the presene of suh a uid in the gravitational dynamis are
both aspets of the same physial entity.
9 Conluding remarks.
The main issue of our analysis has to be regarded the onstrution of a phase-spae
generating funtional, for an evolutionary quantum gravity. We have shown how the
quantum implementation of the primary onstraints an be ontrolled through the form
taken by a free funtional of the assoiated Lagrangian multipliers. When this funtional
is a onstant one, the implementation of the onstraints takes plae in its strong form
(the operators P̂N and P̂N i vanish identially), so that the standard Wheeler-DeWitt
approah is reprodued. But, if we address Gaussian funtional form on ξ and ξi, then,
the resulting dynamis orresponds to the relaxation of the primary onstraints, i.e. the
T-produts assoiated to P̂N and P̂N i are dierent from zero, for any number of points.
The physial meaning of the time variable, we have introdued in taking the T-produts
(namely the label time), is reognized as soon as we extend the relaxation sheme of the
primary onstraints to the path-integral formulation of the Shrödinger piture.
In fat, in this piture, it is enough to require that the free funtional, on ξ and ξi, has a
non-onstant form, to get an evolutionary quantum dynamis, in the limit of small ~, as
desribed by the Shrödinger equation. Having a non-onstant funtional ensures only
that 〈0| P̂N |0〉 6= 0 and 〈0| P̂N i |0〉 6= 0, but it does not imply the vanishing behavior of
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any T-produt funtion. We an infer that, in the limit of small ~, the appearane of a
time in quantum gravity is assoiated to weaker relaxation of the primary onstraints.
Indeed, the physial meaning of the label time outomes when taking the lassial limit
of the Shrödinger equation.
Summarizing, we started from the lassial Hamiltonian dynamis and assumed the label
time suitable for onstruting T-produts funtions. The lassial limit for the theory
provided the appearane of an Ekart uid within the Einstein equations, as required by
the selfonsistene of the spaetime splitting and by the existene of a real time variable.
Thus, we have shown that if we have a physial time in quantum level, it results into a
referene uid in the lassial behavior.
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